Introduction
Einstein’s Theory of Relativity is a model of the geometry of space and time. The special theory of relativity
lays out the relationship between space and time. Prior to special relativity, space and time where viewed
as two completely different things, but Einstein realized this couldn’t be true. He united space and time
into a single concept called spacetime. In this activity we will explore what Einstein saw that caused him to
combine space and time as well as look at some of the conclusions we must accept.
Einstein extended some of the ideas developed by special relativity to include gravity. This theory is called
the general theory of relativity. General relativity essentially says that masses of objects cause space and
time to curve, resulting in gravitational attraction between two objects. General relativity predicted the
existence of black holes and the animation of a black hole seen in the recent move ’Interstellar’ was based
on the mathematical models of general relativity. We won’t look at general relativity but you should be aware
of the difference between the general theory and the special theory of relativity.
There are two key ideas that are the foundation of general relativity:
• The laws of physics must be the same in all reference frames that are moving at constant velocities
relative to one another
• The speed of light measured in any reference frame must always be c = 299792458 m/s.
As result of these two ideas we must rethink what ’time’ and ’space’ really mean.

Why is Special Relativity Interesting?
Why is studying special relativity even relevant to you? Why is this an exciting topic that is worth spending
some time to understand? There are two broad categories of reasons. First, there are real-world applications involving satellite communcation, space exploration, astronomy, and nuclear and particle physics.
Secondly, special relativity is a (reasonably simple) example of a physics concept that turns the way we look
at the world on its head.
If you’ve ever gotten directions on your phone or used the electronic map feature in your car then you’ve
used satellites orbiting the Earth that are part of the Global Positioning System (GPS). There are currently
32 satellites orbiting around the Earth that are constantly broadcasting the time from a very accurate clock
onboard. By comparing the times emitted by several satellites, your cell phone is able to determine where
you are located. This depends on all clocks being synchronized. Unfortunately special relativity tells us that
clocks run at different rates when they are moving relative to us. Over the course of a single day, according
to special relativity the satellite clock would be off from a clock on the Earth by 7 microseconds (7 × 10−6
s) which corresponds to 3 × 108 m/s × 7 × 10−6 s = 2100m which is a little over a mile. Every day your cell
phone would tell you your house had moved over a mile if the satellites didn’t make corrections for special
relativity effects (General relativity has an even greater effect on GPS, but we won’t worry about that here).
Special relativity is also needed to understand astronomy. The distances and speeds involved in astronomy
are very large and objects moving fast will experience the effects of special relativity (as well as general
relativity). Any one interested in traveling to far off galaxies will need to take special relativity into account
in order to plan their trip.
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Big particle colliders, like the one at CERN or Fermilab, move particles around at speeds close to the speed
of light. At these fast speeds you need to take into account the fact that times and distances don’t behave
the same way you expect them to. In addition, Einstein’s E = mc 2 is a direct result of special relativity (see
http://www.adamauton.com/warp/emc2.html for a nice derivation).
The second main reason to study Einstein’s theory of special relativity is that, starting from two fairly straightforward assumptions you end up having to view the world in a whole new way. By requiring that the laws
of physics be unchanged in reference frames moving at constant speeds relative to each other and by requiring that everyone in these reference frames measure the same speed of light you are forced to realize
several mind-blowing facts; space and time are not separate but part of a single space time, that time and
distance are no longer fixed and different people will get different measurements, and that energy and mass
are equivalent to one another. Two simple assumptions that are easy to understand on their own force us
to rethink our notion of space and time and how those two things relate to one another. Special relativity is
an interesting puzzle that gives you a glimpse of how even stranger aspects of physics change how we think
about the world.

Geometry of Space
Einstein’s Theory of Relativity (both special and general) are really about the geometry of space and time.
Unfortunately we can’t directly see the geometry of the space we live in directly, but we can study a two
dimensional world to see how the geometry of a space affects the rules governing the space.

Two-Dimensional Flat World
Geometry is the study of how lengths, shapes, areas, and volumes relate to one another. The equations and
theorems are based on the underlying structure of the space the shapes exist in.
We will use right triangles as a simple test of how geometry affects properties of space. In particular we will
focus on how the lengths of the three sides relate and how the angles inside the triangle are affects.
1. If the longest side of a right triangle has length c and the two shorter sides have length a and b, what
is the name of the equation that relates the three lengths? Write out the equation too.

2. If you measure the three angles inside a triangle and add the angles together, what should the three
angles add up to? This is actually true of all triangles, not just right triangles.
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3. Draw a large right triangle on the grid below. Make the two shorter legs of different lengths.

4. Label the three legs of the triangle a, b, and c and measure the length of the three legs using a ruler.
Write the lengths below.

5. Use the Pythagorean equation to make sure that the three legs of the triangle satisify it. Show your
work and don’t forget to include units with numbers when you plug them into equations. Do the
three legs satisfy the Pythagorean equation?
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6. Use a protractor to measure the three angles of the triangle. Label the angles A, B , and C (angle A
should be opposite side a). Write down the angles.

7. Add up the three angles. Do they equal 180◦ (or something pretty close)?

8. Why do the sum of the angles in a triangle add up to 180◦ ?
Geometry of flat spaces like the two dimensions of a piece of paper are called Euclidean geometries,
named for the 4th centure B.C. greek mathematician Euclid. Euclid is considered the father and geometry and his book, Elements, was used as the primary math text into the 20th century.

Geometry on a Sphere

Figure 1: Spherical space
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Imagine that you are trapped in a two dimensional world. You wouldn’t have any notion of what "up"
or "down" meant. The only directions in your world would be "left" and "right" as well as "backwards"
and "forwards". What this means is that if you lived on the surface of a sphere you couldn’t tell from
looking around that you lived on a sphere. In fact, you wouldn’t even know what a sphere was. It is
hard enough for us to tell that the Earth is a sphere and, as three dimensional beings, we’ve seens
spheres. How could you tell whether your two dimensional world was spherical or flat?
9. Before blowing up the balloon, lay it flat on the table and draw a right triangle on the balloon. Measure
the lengths and check if they satisfy the Pythagorean equation and check to see if the three angles add
up to 180◦ .

10. Blow up the balloon until it is the size of a softball or a little larger. Use a string and ruler to measure
the length of each leg of the triangle and write the values below.

11. How does a 2 + b 2 compare to c 2 ?

The Pythagorean theorem only applies in Euclidean geometries. In other words, if the space underlying the triangle is not flat the three legs of the triangle don’t follow a 2 + b 2 = c 2 .
12. Measure the three angles of the triangle on the balloon using a protractor. Write down the three angles.
1

Figure 1 downloaded from https://commons.wikimedia.org/wiki/File:Schwarz_triangle_on_sphere.png on Jun
22, 2015
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13. Add up the sum of the three angles. How does it compare to 180◦ ?

14. Sketch the how the triangle appears to you as a an observer in a three dimensional space looking down
at the surface of the sphere. Describe how it looks different from the Euclidean triangle you drew in
the earlier part of this activity.

Someone living on the surface of the sphere would see the three legs of the triangle as being straight
lines. It is only if they made careful measurements that they might be able to figure out that the
triangle was not what you and I think of as a triangle.
Lines that would appear straight to someone living on the surface of a two dimensional sphere actually appear as great circles to those of us outside the sphere. A great circle is any circle with a radius
equal to the radius of the sphere. On a globe of the world the great circles are the lines of longitude are
great circles that go through the north and south pole. The equator is the only line of lattitude that is
a great circle because all other lines of lattitude have a radius smaller than the radius of the Earth.2

Figure 2: Lines of Longitude and Latitude
2

Figure 2 downloaded from https://commons.wikimedia.org/wiki/File:Sphere_filled_blue.svg on Jun 22, 2015
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Hyperbolic Worlds
A saddle or a Pringles potato chip is the perfect example of a hyperbolic surface. In one direction the
space curves up and at right angles to this direction the space is curved downwards. This results in a
very different geometry than the plain we started with and different from the sphere we just studied.3

Figure 3: Hyperbolic surfaces are saddle-shaped
Download the Java applet NonEuclid from https://www.cs.unm.edu/~joel/NonEuclid/NonEuclid.
html. This applet will allow you to play around with a hyperbolic shape. Once you have it running try
clearing the screen by selecting ’New’ from the file menu and then select ’Draw Line Segments’ from
the ’Construction’ menu.
15. The line segments will appear as straight lines to someone who is trapped in the two dimensional
space. How do the line segments look to you as an observer in a three dimensional world outside the
hyperbolic space?

16. Try creating a triangle by drawing three line segments. When drawing the next leg of the triangle make
sure you start on the end point of the previous line segment. Sketch the triangle in the space below
and describe how it looks different than a triangle in a Euclidean space or on a sphere.
3

Figure 3 downloaded from https://commons.wikimedia.org/wiki/File:Hyperbolic_triangle.svg on Jun 22, 2015
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17. You can measure the interior angles and their sum by selecting "Measure Triangle" from the "Measurements" menu. Select the three corners of the triangle and you should see the three angles and the
sum of the angles. Record those values below.

18. How does the sum of the three angles compare to 180◦ ? Is it greater than, equal to, or less than 180◦ ?

19. Try creating a couple of more triangles and measure the sums of the angles. Do all triangles have the
same angle sum? If they aren’t all the same, are they all at least greater than 180◦ or all less than 180◦ ?

20. What do you think is the largest angle sum you could have for a triangle in a hyperbolic world? What
do you think is the smallest angle sum you could have for a triangle in a hyperbolic world? Explain
your reasoning for your answers.

21. Imagine that you are trapped in a two dimensional world but you don’t know what the underlying
geometry of the space really is. How could you use triangles to determine the shape of the space?
Describe what you would need to measure and whether you would need to use large or small triangles
for your measurements.
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The Geometry of Special Relativity
The theory of relativity was not a new idea to Einstein. The basis to Galilean relativity is that the laws
of physics must be the same in all reference frames that are moving at a constant speed relative to each
other. A simple example of this is Newton’s first law. The first law states that objects continue with a
constant velocity unless you push or pull on it. Galilean relativity says that if an object is moving with
constant velocity in one reference frame, all reference frames moving at constant speeds relative to
the initial reference frame should still see an object moving with constant velocity. Put more simply,
if a toy car is rolling with a constant velocity along the ground, a person riding in a train moving at
constant speed should observe the toy car moving with (a different) constant velocity. This form of
relativity isn’t that hard to understand and isn’t at all surprising.
What Einstein added to the mix was to ask about the equations governing light. According to the
physics equations the speed of light is a constant value so if relativity applies to light as well then
all observers should measure the same speed of light, not matter how fast the observers are moving
relative to each other. This was surprising, but experiments very quickly showed this to be the case.
Our goal is to explore how the fact that everyone needs to measure the exact same value for the speed
of light affects the geometry of the space and time we live in.

Spacetime Diagrams
Special relativity ends up requiring that we mix the idea of space together with the idea of time4 . To
help us visualize what is going on we will restrict ourselves to motion in one dimension and we will
plot events on a spacetime diagram that has time along the vertical axis and the spatial dimension
along the x-axis. Spacetime diagrams are similar to position vs. time diagrams, just with position and
time switched.
We will start off practicing drawing spacetime diagrams using Galilean relativity. This means everyone
uses the same clock for measuring time and meter sticks used to measure distances all agree. When
we require that the speed of light be constant for everyone we will find that this no longer holds true.
In order that we don’t have to deal with gravity, air drag, or friction, we will perform all of our experiments in outer space, far from any planets. It can be a little quiet out here but the view is amazing.
22. Alice is floating along in her space suit when she sees Bob go moving past her. Every second a light on
Bob’s suit flashes. Alice measures that Bob is moving away from her at 0.5 ft/s. On the graph below,
place a dot at each point where Bob’s suit flashes light. Assume that Alice is located at the origin and
Bob starts 3 m away from Alice at time t = 0 s.
Each point on the spacetime diagram represents an event. Events occur at specific positions and
times.
23. Draw a line connecting the light-flashing events on the diagram above. This line is called Bob’s world
line. The world line represents Bob’s path from Alice’s perspective.
24. Alice also has a light on her suit that blinks every second as well. Draw in the points on the graph that
represent each blinking light event and draw Alice’s world line. Since she is stationary the world line
4

This is kind of like the idea of chocolate and peanut butter - they are just meant to be together
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Figure 4: Assume each box represents 1 foot or 1 second
should follow x = 0 ft. Be sure to label the world lines for Alice and Bob.
25. At t = 2 s Alice tosses a glowing sphere that blinks once every two seconds. She tosses it with a speed
of 1 ft/s away from her. Place dots on the diagram in Figure 4 for each event where the sphere blinks
(assume it starts blinking right as she releases it). Draw the world line for the sphere once you have
drawn all of the event dots. Make sure you label the world lines for the sphere.
Figure 4 represents what Alice sees. Bob sees things differently because, from his reference point Alice
seems to be moving away from him while Bob sees himself as stationary.
26. Use Figure 5 to sketch the world according to Bob. Bob sees himself as sitting at the origin and not
moving so the events of the light blinking on his suit will all lie along x = 0 ft. Draw in these events
from Bob’s perspective and draw his world line. The origin has been shifted on this graph.
27. To figure out how Bob sees Alice and the sphere that she threw. Use Alice’s spacetime diagram and
measure the distance between Bob and Alice each time Alice’s light blinks. Place the light blinking
event on Bob’s spacetime diagram and draw in Alice’s world line. Do the same for the sphere that
Alice tossed. Make sure you label all world lines.
Both of these spacetime diagrams assume that if Alice and Bob synchronize their watches they will
always measure the same time. If Alice claims the sphere’s light blinks at t = 2 s then Bob will agree.
This may seem pretty obvious to you, but it turns out that this assumption is not quite true, as we will
see when we require the speed of light to be a constant in the next section.
28. Instead of making a spacetime diagram for Alice and a separate one for Bob, it is possible to include
information for both reference frames on the same diagram.
Alice is floating along and a light on her space suit blinks every two seconds. Bob, who started at
x = 0 ft, is floating away from her at 1 ft/s with a light blinking every two seconds. Draw a spacetime
diagram for both Alice and Bob from Alice’s perspective in Figure 6
10

t

x
Figure 5: Assume each box represents 1 foot or 1 second
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Figure 6: Assume each box represents 1 foot or 1 second
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29. To represent Bob’s reference frame, imagine a rock that started at x = 1 ft moving with the same speed
as Bob. From Bob’s perspective the rock would appear to be at rest 1 ft from him at all times. Draw a
dotted line that starts at x = 1 ft but has the same slope as Bob’s world line. Label this line x 0 = 1 ft (the
primed notation refers to Bob’s reference frame). Draw lines parallel to Bob’s world line starting at
x = 2 ft and x = 3 ft and label them x 0 = 2 ft and x 0 = 3 ft. Do the same with lines starting at t = 1 s and
t = 2 s and label these lines x 0 = −1 ft and x 0 = −2 ft respectively. These lines represent the position
axis from Bob’s perspective. We can call these lines of constant position for Bob.
The horizontal grid lines at t = 0, 1, 2, 3... s are lines of constant time. One assumption of Galilean
relativity is that t 0 = t , the time Bob measures is the same as the time that Alice measures.

Speed of Light
Let’s take a break from spacetime diagrams for a minute and think about light. It turns out that the
time it takes light to travel one foot is about 1 nanosecond (which is abbreviated as 1 ns = 1 × 10−9 s =
0.000000001 s) so the speed of light is approximately 1 ft/ns.
Alice sets up an experiment where a laser sends out a pulse of light towards a detector that is 2 ft
away. The detector has a clock that measures the time it takes the laser light to go from the laser to
the detector.

Detector

Laser Source

y
x
Figure 7: Light travels 2 ft to a detector - Alice’s perspective
30. How long does Alice’s clock measure it takes the light to travel 2 ft?
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31. Bob is moving towards the left at 0.5 ft/ns, relative to Alice. From Bob’s perspective the light hits the
detector at a different location than what Alice sees.

Detector

Laser Source

y
x
Figure 8: Detector shown where Bob sees it when light hits it.
32. From Bob’s perspective, how far does the light travel?

33. If Bob measures that the light took 2 ns to travel that distance, how fast was the light from his viewpoint?

This is a problem because, according to Einstein, every observer must always measure a speed of light
of 1 ft/s.
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34. Using the distance that Bob measured, how long would it take the light to go from the laser to the
detector in order for light to have a speed of 1 ft/ns?

This is the time that Bob actually measures the light taking to go from one place to the other. During
this time Alice’s clock measures 2 ns. Both of their clocks no long agree.
35. Assume that Bob has an identical experimental setup moving along with him. From Alice’s perspective Bob and his experiment are moving to the right at 0.5 ft/ns. Bob thinks that his light beam takes
2 ns to go from laser to detector. How much time passes on Alice’s clock while 2 ns passes on Bob’s
clock?

Wait! What! Alice think that Bob’s clock runs slow and Bob thinks that Alice’s clock is running slow?
How can this possibly be? If you are confused about this, welcome to the world of special relativity.
The problem is that time is no longer a constant and is now entangled with space. The geometry of
spacetime is not Euclidean. But if spacetime isn’t a flat plain, what geometry is it? Does it look like a
sphere, like a hyperbola, or something else all together? We’ll discover the answer to this in the next
section.

The Interval
2
In Euclidean geometry distance
p d between two points is measured by the Pythagorean theorem d =
(x 2 − x 1 )2 + (y 2 − y 1 )2 or d = (x 2 − x 1 )2 + (y 2 − y 1 )2 . This distance is the same no matter what coordinate system you use so we say that the Euclidean distance is invariant (constant in all coordinate
systems).
In special relativity the invariant quantity is called the interval s, which is s 2 = (c t )2 −(x)2 or
p
s = (ct )2 − (x)2 where c = 1 ft/ns is the constant speed of light.

36. Go back to Figure 7 and calculate the interval Alice measures between when the light is emitted by
the laser and when it is detected by the detector. Remember that c = 1 ft/ns.
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37. Calculate the interval measured by Bob in Figure 8.

38. How does the interval measured by Bob compare to the interval measured by Alice?

The invariance of the interval is to spacetime what the Pythagorean theorem is to Euclidean space. It
is based on the fact that the speed of light must be constant in all reference frames. All observers must
measure the same interval between two events.
If s 2 is positive this means that the time portion of the interval is larger than the spatial portion and
we
p call the interval time-like. In this case the length of the interval is called the proper time s = τ =
(ct )2 − (x)2 (where τ is the greek letter tau).
If s 2 is negative this means that the distance portion of the interval is larger than the time portion we
call the interval space-like. We switch
the
p signs to get a positive number and call the length of the
p
2
interval the proper distance σ = −s = (x)2 − (c t )2 (where σ is the greek letter sigma).
If s 2 is zero we call the interval light-like because only light can travel at this speed.
39. To figure out what the underlying geometry must be we will plot several intervals on a spacetime
diagram. You will plot several lines representing constant intervals. For each proper time interval,
calculate the time t for each value of x at the top of the column and enter the times in the table below.
Once you have all of the points calculated, plot all of the x and t points on Figure 9. Connect all dots
that have the same interval. These represent lines of constant interval.
Proper time
τ=1
τ=2
τ=3

x =0 f t
t=
t=
t=

x =1 f t
t=
t=
t=

x =2 f t
t=
t=
t=

x =4 f t
t=
t=
t=

40. What sort of shape do the lines of constant interval have?
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Figure 9: Each box represents 1 ft or 1 ns
In Euclidean geometry the lines of constant distance are the horizontal and vertical grid lines. On
a sphere the lines of constant "distance" are circles. In hyperbolic geometry the lines of constant
"distance".
41. Which of the three geometries most closely approximates the lines you’ve drawn?

Spacetime Diagrams and Special Relativity
Pull out the sheet of paper that has all of the hyperbolas printed on them. Each hyperbola represents
a time-like or space-like constant interval.
42. Which hyperbolas are time-like (have a positive value of s 2 = (c t )2 − (x)2 )?

16

43. Which hyperbolas are space-like (have a negative value of s 2 = (c t )2 − (x)2 )?

44. The x and t axis represent Alice’s perspective. She releases a pulse of light at t = 0 s. Draw the world
line for the light pulse (remember that the speed of light is c = 1 ft/ns and each grid line is 1 ft or 1 ns
as measured by Alice).
45. Bob passes Alice at t = 0 s traveling at 0.5 ft/ns. Draw a world line for Bob from Alice’s perspective.
As we saw earlier we don’t need to draw a different spacetime diagram to get Bob’s perspective. Instead
we can draw his coordinate axes on the same graph. Since Bob is stationary from his perspective, his
world line represent x 0 = 0 ft (again we are using primes to indicate the coordinates that Bob would
measure). We know that Bob’s lines of constant position will all be parallel to his world line but we
don’t know the spacing of those lines in this hyperbolic spacetime geometry. To do this we need to
figure out which directions lines of constant time must lay. Remember that for Galilean relativity we
had assumed that constant time lines are all horizontal. Because everyone must measure the same
speed of light this is no longer true. In order to figure out the direction of Bob’s x 0 and t 0 axis in Alice’s
coordinate system we need to remember that both Alice and Bob must measure the speed of light to
be 1 ft/ns. In other words, the light world line must have a slope of 1 in both coordinate systems.
46. In Alice’s coordinate system, what is the angle between the time axis t and the light world line you
drew in?

47. What is the angle between Alice’s x axis and the light world line you drew?

Since velocity is related to the slope on the spacetime diagram, light must have the same slope in all
coordinate systems. This means that the angle between the x-axis and the light line is equal to the
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angle between the t-axis and the light world line.
48. Bob’s world line represents his t 0 axis. This line has a slope of 2 ns/ft (since his velocity is 0.5 ft/ns).
His x 0 axis should have the same angle relative to the light world line that the t 0 axis has. This means
that the x 0 has a slope of 0.5 ns/ft (if a world line has slope of m, the x 0 axis has a slope of 1/m). Draw
the x 0 axis on the graph paper.
49. Use colored pencils to draw in lines of constant position and constant time from Bob’s perspective.
Ask your instructor for directions on how to do this.

Reading the Spacetime Diagram
When we talk about an event, it can be anything, such as flipping a switch, clapping your hands,
clearing your throat, or anything else that occurs at a specific place and time. For simplicity we will use
pulsing lights to represent individual events. Everything that we talk about applies to things besides
pulsing lights.
50. Alice observed two lights pulsing at t = 5s. One is located at x = 4 ft and the other is at x = 8 f t . When
and where does Bob think the two pulsing lights occur?

51. Alice observes two light pusles, both at x = 8 f t . One pulse occurs at t = 7 s and another at t = 17 s.
When and where does Bob see these events?

52. How long would Bob think it takes Alice’s clock to tick through 20 seconds?
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53. How long would Alice think it takes Bob’s clock to tick through 20 seconds?

54. How is it possible for Alice and Bob to both think that the other person’s clock is running slow?
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